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Linear codes over GF(5) are utilized for the construction of a reversible abelian
Hadamard difference set in Z2_Z2_Z 45 . This is the first example of an abelian
Hadamard difference set in a group of order divisible by a prime p#1 (mod 4).
Applying the Turyn composition theorem, one obtains abelian difference sets and
Hadamard matrices of Williamson type of order 4_54n_p4n11 _ } } } _p
4nt
t where
n, n1 , ..., nt are arbitrary non-negative integers and each pi is a prime, pi#3
(mod 4).  1997 Academic Press
1. INTRODUCTION
We assume familiarity with the basics of combinatorial designs theory
and coding theory (cf., e.g. [4, 5, 9]). We use the notation [n, k, d]q for a
linear code of length n, dimension k, and minimum distance d over GF(q),
and wA1 1A w
Aw 2
2 } } } for the weight enumerator of a code with Aw 1 nonzero
words of weight w1=d, Aw 2 nonzero words of weight w2 , etc. A t-weight
code is a code with t nonzero weights. A code is projective if its dual dis-
tance is at least 3. A projective (n, k, h1 , h2 , h3) set O in PG(k&1, q) is a
set of n points such that every hyperplane meets O in h1 , h2 or h3 points.
A (v, k, *) difference set in a finite group G ( |G |=v) is a set D of k
elements of G such that the multiset [gh&1 | g, h # D, g{h] contains each
nonidentity element of G exactly * times. An abelian difference set is a dif-
ference set in an abelian group G. A multiplier is an automorphism of G
that preserves the set of translates [Dg | g # G]. A difference set which is
fixed by a multiplier &1 is called reversible. A Hadamard (also a Menon)
difference set (HDS) is a difference set with parameters (4m2, 2m2&m,
m2&m) for some integer m. Two recent surveys on Hadamard difference
sets and their applications are [2, 3].
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For a long time, examples of abelian Hadamard difference sets have been
known only for m of the form 2a3b (cf. [10]), and many characterizations
and existence conditions for such Hadamard difference sets have been
proved ([2, 3, 6]). It was only recently that abelian (and also reversible)
Hadamard difference sets were constructed for m divisible by any prime
p#3 (mod 4) (Xia [12]; see also [13] for an alternative proof of Xia’s
theorem). On the other hand, Smith [8] found the first example of a non-
Abelian reversible Hadamard difference set of order divisible by a prime
p#1 (mod 4), namely, for p=5. In particular, no abelian difference sets
(reversible or not) have been known for m divisible by a prime p#1
(mod 4). Ray-Chaudhuri and Xiang [7] proved that Hadamard difference
sets do not exist in abelian groups G=Z2_Z2_P where |P|=p2:, p#1
(mod 4) and : is odd, generalizing a theorem by McFarland for :=1. The
simplest case not covered by any known nonexistence test is the question
about the existence of abelian Hadamard difference sets in groups
Z2_Z2_(Zp)4 where p is a prime, p#1 (mod 4).
It is the aim of this note to construct a reversible abelian Hadamard dif-
ference set in Z2_Z2_(Z5)4, which was the smallest open case ([2, 3, 6,
7]). Our construction method is based on the following important theorem
proved by Ray-Chaudhuri and Xiang [7] (see also [13]):
Theorem 1. There is a reversible HDS in the abelian group G=
Z2_Z2_Z2:p , p an odd prime, : even, if and only if there are four projective
(n, 2:, (np)&p:&1, np, (n+p)+p:&1) sets Oi , i=0, 1, 2, 3, in
PG(2:&1, p) with n=p:( p:&1)2( p&1) such that for every hyperplane H
in PG(2:&1, p) there is a unique i, 0i3, such that |H & Oi |{np, and
|H & Oj |=np, if j{i.
2. PROJECTIVE SETS AND 3-WEIGHT CODES IN PG(3, 5)
If p=5 and :=2, each of the four projective (75, 4, 10, 15, 20) sets Oi
from Theorem 1 can be viewed as the set of columns of a generator matrix
of a [75, 4, 55]5 code with weight enumerator 55
72 60468 6584 (cf. [7, 1]).
The question about the existence of such a code was formulated as an open
problem in [7]. We construct four [75, 4, 55]5 codes with the intersection
property of Theorem 1 as follows. Let A be the following 4_4 matrix over
the field of order 5:
A=\
0
1
4
3
0
2
4
4
0
1
3
4
1
0
0
0+ .
162 NOTE
File: 582A 275903 . By:DS . Date:06:05:97 . Time:11:22 LOP8M. V8.0. Page 01:01
Codes: 2766 Signs: 1591 . Length: 45 pic 0 pts, 190 mm
The matrix A defines a projective linear transformation T in PG(3, 5) of
order 6. The cyclic group [I, T, T 2, T 3, T 4, T 5] divides the points of
PG(3, 5) into 24 orbits of size 6 and 4 orbits of size 3. Representatives
of the orbits are listed in Table I, where each representative is represented
as an element of GF(5)4.
In what follows, codes are often identified with generator matrices, and
the column set of a generator matrix is viewed as a set of points in a pro-
jective space. Thus, the union of two or more codes is defined as a code
having a generator matrix with column set being the union of the column
sets of specified generator matrices of the given codes. In this context, two
codes are called disjoint if they are defined by generator matrices with
disjoint column sets.
We construct four disjoint [39, 4, 30]5 2-weight codes
1 with weight
enumerator 30468 35156 as unions of orbits:
C0=union of orbits 1, 2, 3, 9, 11, 19 and a,
C1=union of orbits 4, 5, 7, 10, 20, 23 and c,
C2=union of orbits 6, 14, 17, 21, 22, 24 and b,
C3=union of orbits 8, 12, 13, 15, 16, 18 and d.
We construct also two disjoint [36, 4, 25]5 2-weight codes with weight
enumerator 25144 30480 :
D1=union of orbits 1, 2, 7, 10, 19, 23,
D2=union of orbits 6, 12, 13, 15, 17, 21.
Then
O0=C0 _ D2 ,
O1=C1 _ D2 ,
(1)
O2=C2 _ D1 ,
O3=C3 _ D1
are four sets in PG(3, 5) that satisfy the property in Theorem 1 for p=5
and :=2. To verify this, we need a few lemmas.
Lemma 1. The union of a [39, 4, 30]5 2-weight code with weight
enumerator 3046835156 and a disjoint [36, 4, 25]5 2-weight code with weight
163NOTE
1 A [39, 4, 30]5 2-weight code has also recently been constructed by I. Boukliev (private
communication)
File: 582A 275904 . By:DS . Date:06:05:97 . Time:11:22 LOP8M. V8.0. Page 01:01
Codes: 1869 Signs: 776 . Length: 45 pic 0 pts, 190 mm
TABLE I
No. 6-cycle No. 3-cycle
1 0 0 0 1 a 1 2 2 1
2 0 0 1 0 b 1 2 2 4
3 0 0 1 1 c 0 0 1 3
4 0 0 1 2 d 0 1 0 2
5 0 0 1 4
6 0 1 0 0
7 0 1 0 1
8 0 1 0 3
9 0 1 0 4
10 0 1 1 0
11 0 1 1 1
12 0 1 1 2
13 0 1 1 3
14 0 1 1 4
15 0 1 2 1
16 0 1 2 3
17 0 1 2 4
18 0 1 3 2
19 0 1 3 3
20 1 0 0 1
21 1 0 0 2
22 1 0 0 3
23 1 0 0 4
24 1 0 1 1
enumerator 2514430480 is a [75, 4, 55]5 code with weight enumerator
5572 60468 6584.
Proof. Let C be a [39, 4, 30]5 code with weight enumerator 30468 35156
and let D be a [36, 4, 25]5 code with weight enumerator 25144 30480. Then
the union of C and D can only have nonzero weights 55, 60, and 65. If C
and D are disjoint, then C _ D is a projective [75, 4, 55]5 code. Let Aw
denote the number of codewords of weight w of C _ D. Then the first three
MacWilliams relations (see [MS]) give
A55+A60+A65=624,
20A55+15A60+10A65=9300,
190A55+105A60+45A65=66600.
The only solution is A55=72, A60=468, and A65=84. K
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Lemma 2. The union of two disjoint [39, 4, 30]5 2-weight codes with
weight enumerator 30468 35156 is a [78, 4, 60]5 2-weight code with weight
enumerator 60312 65312.
Proof. The proof is similar to the proof of Lemma 1. Note that in this
case A70 surprisingly equals zero. K
Lemma 3. The union of two disjoint [36, 4, 25]5 2-weight codes with
weight enumerator 25144 30480 is a [72, 4, 55]5 2-weight code with weight
enumerator 55288 60336.
Proof. The proof is similar to the proof of Lemmas 1 and 2. In this case
A50=0. K
Lemma 4. The union of a [78, 4, 60]5 2-weight code with weight
enumerator 60312 65312 and a disjoint [36, 4, 25]5 2-weight code with weight
enumerator 25144 30480 is a [114, 4, 90]5 2-weight code with weight enumerator
90456 95168.
Proof. Similar to the proof of Lemmas 13. In this case A85=0. K
Lemma 5. The multiset union Oi _ Oj of two different 75-sets as defined in
(1) is a [150, 4, 115]5 code with weight enumerator 115144 120312 125168.
Proof. Note that Oi _ Oj (i{j ) always contains a [78, 4, 60]5 2-weight
code with weight enumerator 60312 65312 by Lemma 2. Furthermore,
O0 _ O1 and O2 _ O3 contain a [36, 4, 25]5 2-weight code with weight
enumerator 25144 30480 disjoint from the [78, 4, 60]5 2-weight code. Thus,
by Lemma 4, they both are the multiset union of a [114, 4, 90]5 2-weight
code with weight enumerator 90456 95168 and a [36, 4, 25]5 2-weight code
with weight enumerator 25144 30480. Hence O0 _ O1 and O2 _ O3 can only
have nonzero weights 115, 120, and 125. The multisets Oi _ Oj , i{j, [i, j]{
[0, 1], and [i, j]{[2, 3] all are the multiset union of a [78, 4, 60]5
2-weight code with weight enumerator 60312 65312 and a [72, 4, 55]5
2-weight code with weight enumerator 55288 60336, by Lemma 3. Thus they
also can only have weights 115, 120, and 125. It is easy to verify that
|Oi & Oj |=36 for all i{j. Using this and the first three MacWilliams rela-
tions, we find that the only possible weight enumerator for the
[150, 4, 115]5 code Oi _ Oj (i{j) is 115144 120312 125168. K
From Lemma 1 and Lemma 5 it easily follows that the four sets Oi
defined in (1) satisfy the property of Theorem 1. Indeed, the 36 hyperplanes
intersecting Oi _ Oj (i{j) in 35 points have to intersect either Oi or Oj in 20
points. Since there are only 18 hyperplanes intersecting Oi in 20 points and
18 intersecting Oj in 20 points, every hyperplane has the property that if it
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intersects Oi in 20 points, then it intersects Oj in 15 points. Similarly, if a
hyperplane intersects Oi in 10 points, then it intersects Oj in 15 points (since
2 } 21=42). In addition, every hyperplane intersects at least (and hence
exactly) one of the Oi in 10 or 20 points, since 4(18+21)=156. Therefore,
we have the following theorem.
Theorem 2. There exists a reversible Hadamard difference set with
parameters (2500, 1225, 600) in Z2_Z2_Z45 .
Proof. Follows by Theorem 1 and the lemmas. To obtain the difference
set, extend each of the 4_75=300 nonzero vectors of length 4 corre-
sponding to the 1-subspaces generated by the columns of the generator
matrix of the first (resp. second, third) [75, 4, 55]5 code by 00 (resp.
01, 10), and the 325 vectors from the complement (in GF(5)4) of the corre-
sponding set for the fourth code by 11. K
A copy of the difference set is available from the authors electronically
upon request.
Remark 1. The (2500, 1225, 600) difference set is reversible by Theorem
1. Furthermore, the action of the matrix A induces a further multiplier of
order 12 (since A12=I ).
Using the Turyn composition theorem [10], one obtains also
Corollary 1. There exist a reversible abelian Hadamard difference set
in Z2_Z2_(Z5)4n for any n1.
Corollary 2. There exists an abelian Hadamard difference set in
K_(Z5)4n_(Zp1 )
4n 1_ } } } _(Zpt )
4nt where n0, n10, ..., nt0, each pi is
a prime, pi#3 (mod 4), and K=Z2_Z2 or K=Z4 . The difference set is
reversible if K=Z2_Z2 . The corresponding Hadamard matrices are of
Williamson type.
Note Added in Proof. Shortly after the present paper was submitted,
Wilson and Xiang [11] constructed abelian Hadamard difference sets in
Z2_Z2_(Zp)4 for p=13 and p=17 using similar techniques. These examples
suggest that such difference sets must exist for every prime p#1 (mod 4).
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